LINEAR D.E. WITH CONSTANT COEFFICIENTS

101
p, = [T — P.Iis found by division
1 9-6D+D> y '
x/9+2/27
9-6D+D* | X
x=-2/3
2/3
23
0

3
_e A XL 22
p1-6e[9+27]— g {(3x+2)

p 3 78“‘21 i
2 pP2_¢6D+9
b= 7o X _ Too
2 (=2Y-6(-2)+9 25
— Cog D er _ log 2 ~Hlog2
P R Y ipag . 0-0+9 9

Complete solution: y = y + pptp,tp,

3 - 2x
2¢ 7 g
Thus y=(cl+czx)e3x+ﬁ~9-(3x+2)+me —10 2

25 9

Note : If the first term in R.H.S of the equation is 6¢°* we have

’

3x 3x
b¢ 6¢
T3 =3 (Dr.= 0)
D"~ 6D+9 3 -63+9
Ix 3x
¢ ¢
:6- - :6 D :O
¥opse - o5 Pr=0)
eBx
P, = 637 5 = ¥
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N dy o

P

(IR

70. solee the differentinl cqration 7 6 / 51 = o7
U v !

>> Wehave,(D2—6D+25)y = ¢ psiny+x

AEis givenby m* —6m +25 = 0
6+V36-100 648

i = = + 44
Onsolving , m 2 5 34
y. = e3x(c1 cos 4x + ¢, sindx )
321‘ sin x X
yp= 2 + 2 + 2
D°-6eD+25 D°—-6D+25 D°-6D+25
= p P+, {say)
LS D2 epsas 22-6(2)+25 |
sin x 2 2
= ————— Replace D"by-1" = -1
P22 _epv2s ¥ Y
__sinx _ sinx
T 24-6D  6(4-D)
ip _(4+D)sinx 4sinxtcosx
6(16-D%) 6(17)
a 4sinx+cosx
P2 = 102
X
= —" — Plis found by division.
P37 s 6D+ D? Y
x/25 4+ 6/625
25-6D+D? | X
x—6/25
6/25
6/25 .
0

Yhsina 4
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X 6 1
P3 = 25+ 635 = g5 (25X +6)
Complete solution : y = Y.+, where Y, =P tPytp;

le 4sinx+cosx 1

Thus y=83x(c1cos4x+czsin4x)+—~+——*ﬁ——— + (25x+6)

r—.k‘iiﬁ‘ - . - 5o - -
12.6) Soluation of simultaneous differential cquations

Letus suppose that x and y are functions of an independent variable t connected by
a system of first order equations with D = d/dt

fl(D)x+f2(D)y=¢1(t) D)
§1(D)x +g,(D)y = 9,(¢t) . (2)

We employ the elementary technique of solving a system of linear algebraic equations
in cancelling either of the dependent variables. (x or y)
Operating (1) with § (D) and (2) with f, (D), x cancels out by subtraction. We

obtain a second order differential equation in ¥ which can be solved. x can be
obtained independently by cancelling y or by substituting the obtained y(t) ina
suitable equation.

WORKED PROBLENM )

dy JE}

Tl zolee: g2y = —sind, Y -2\ = cos
Wt : i

d
Taking D = — we have the system of equations ;

dt
Dx+2y = ~sint Y
—2x+Dy = cos t o A{2)

Multiply (1) by 2 and operate (2) by D
ie., 2Dx+4y = - 2sint
—2Dx+D2y = —sint
Adding these weget, (D°+4)y = —3sint
AE is m*+4=0 = m = +2i

Y, = ¢ycos2t +c,sin2t
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—-3sint 3 —3s.int

= = —— = ~sint
T opris T 1t
y = yc+yp
Hence, y = ¢, cos 2t+c, sin2t~ sint .- (3)

1)d
By considering % —2x = cost, weget x =7 [;i% —cos t]

Hence, x = %{% (¢, cos2t+c, sin 2t —sin £ ) ~ €os t} by using (3).

It

1
E[—251sm2t+2c2cos2t—cost—cost]

il

x = —¢ sin2t+c, cos 2t-cost ()

1

Thus (3) & (4) represents the complete solution of the given system of equations.

>> Téking D= 4 we have the system of equations :

dt
(D=7)x+y =0 ' D
—2x+(D-5)y =0 , . 2)

Mulﬁply_(l)by%and operate (2) by (D ~7)
ie., 2(D-7)Yx+2y =0
—2(D-7)x+(D=-5)Y(D-7)y =0

Adding these we have, [(D-5)(D-7)+2]y =0 or (D°~12D+37)y = 0
AE. is m?—12m+37 = 0 or (m—6)2+1 =0 = (m-6)=1=ti
m=6%i

Hence y = eﬁt( c cost+c, sin ) .{3)

i/
By considering %‘% -2x~5y = 0 weget x = 5 L%% - 5yJ
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d
= l{d—t[e‘"’(cl<:os.t+czsint)]—5.‘.’(”(clcost+czsini‘)}

o
|

2
1) e : 6f . 6t .
x—i e (—clsmt+c2cost)+6e (clcost+c2smt)—5e (clcost+czsmt)

=l eﬁt(—-c sint+c cost)+e(’t(c cost+c,sint)
7] 1 2 1 2
e(:t

1
x=5{(c1+c2) cost+(c2--£‘1)eﬁtsint} . {4)

Taking D = 4 we have the system of equations

dx
(D+1)y-z = ¢* (1)
-y+(D+1)z =¢" ... {2)

Operating (1) by (D +1) we have,
(D+1Yy—(D+1)z=(D+1)& = 2
-y+(D+1)z =¢"
Adding these we get, [(D+1)2—1]y=3€x or (D2+2D)y=33x

AEis m+2m =0 or m(m+2)=0 = m =0, -2

2x

Y, =c +cye

3e* 3e* .

= = ¢
Yp D*+2D  1%2+2.1

y=c1+c2e”2x+ex - (3)

Let us now consider % +y =z+é'
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dy x
z==L+y—e
ax Y
= d—x(cl+cze'z"-i-ex)+(cl+c23_2x+ex)—ex
_ _ -2 —2x
= -2, T4t toye
Z=C1—C28-2x+€t .4

Thus, (3) and (4) represents the required solution.

d
74. Solve: dx = 2x-3y, 2y y—2x given x(0) = 8 and y () = 3
dt Sdb : '

. d .
>> Taking D = - we have the system of equations

Dx =2x-3y ; Dy = y—2x
or (D-2)x+43y =0 (D)

2x+(D-1)y =0 @)

Mutltiplying (1) by 2 and operating (2)by (D-2) we get,
2(D-2)x+6y =0
2(D-2)x+(D~1)(D-2)y =20

Subtracting we get (D2—3D—4)y =0

AEis m2-3m—-4=0 or (m—4)(m+1)=0 = m =4, -1

y=cle4t+c28_t . (3)
. dy 1 dy
By considering i y-2x weget x = Z{y_dt}
x-—-%{cle4t+cze_t—(4c1e“—cze—f)}
1 -
x=5(-3cle4t+2623 £y .. ()

We have conditions x = 8, y =3 at £ =0
Hence (3) and (4) becomes ¢, +¢, = 3 and -3¢,/2 + ¢, = 8

Solving these equations we get ¢, = 5, ¢; = -2

Thus x = 36 +5¢7°, y=-2 Ffle5e ! is the required solution.
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dx

dy

/75. Solve :

d
>> Denoting D = — we have the system of equations

dt
Dx -2y = cos 2t
2x+ Dy = sin 2¢

Operating (1) by D and multiplying (2) by 2 we have
sz—ZDy = D(cos2t) = —2sin 2t
4x + 2Dy = 2sin 2t

Adding we get, (VD2+4)x =0

AEis mM+4 =0 = m = +2i

X = c052t+c25in2t

By considering z—f -2y = cos2t weget, y = —;—[l - €0s Zt}

1|1 d .
Y= Z[E(Cl cos2t+c2sm2t)—c052t]

1
5 [=2c, sin 2t + 2¢, cos 2t — cos 2¢ ]
2 1 2

Y= —c;sin2t+(c,~1/2)cos 2t

(3) and (4 ) represents the general solution of the given system of equations.

We shall obtain the particular solution by applying the given conditions.

x=1 at ¢

H

0; Hence(3)becomes 1=c,+0 . ¢ =1

0 att

Yy

Thus by substituting these values in (3) and (4) we get

x = cos2t+(sin2f/2); y = —sin2t

0 ; Hence (4) becomes 0 = 0+(c,~1/2) . ¢, = 1/2

dp T2y = cos2t, T4 2x = sin2t giventhat x =1, y = 0 at t = 0

. (3)

. (4)
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[2.7} Applications

- , . ' . Jd° A dv

76. A particle moces along the v-avis accordimg fo the law 5+ 0 + 23x = 0
A el t

If the particle is started at v = 0 with an initial velocity of 12 ft7sec to the {eft.

deteriine v it termis of

dx

>> Wehave,(D2+6D+25)x(t) =0 and x = 0 att:O,H—t=—12 at t = 0.
( Negative sign is due to the movement along the x-axis to the left )
AEism®+6m+25 = 0 and by solving
—6+V36-100 -61% V647 -6+ 8i .
m = = = ="'3i4l
2 2 i

x=x(t):e_3f(c1cos4t+czsin4t) .1

Now, %:E_y(—4clsin4t+4c2cos4t) —3e 3 (clcos4t+czsin4t) ... (2)

Using the initial conditions (1) and (2) respectively becomes,

0 =¢c, and —-12 = 462—361

1

c1=0 and c2=—3

77. A particle undergoes forced wvibrations according to the low
NOCE) 4250 (F)Y = 21 cos 28 I the particle starts from rest at 1= 0, find the
dispacentent at ainy tine £ > 0.

>> We have (D2+25) x(t)=21cos2t and x(0) =0, ¥ (0) = 0.

AE is m*+25 =0 . m=1%5 and x, = cos5t+c,sin5t
x =M; D2—9—4 and hence x =M=cos2t
P p*425 P 21

x=x(t)= xc+xp
Hence x(t)=clc055t+czsin5t+c052t D

Now, x’(t)=—5c15in5t+5c2c055t-25i112t . A{2)
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Using the initial conditions (1) and (2) respectively becomes,

0=c+1, 0=5¢c y

clz—landczz(]

78 Sofve the problem of undamped forced vibrations of i sprine soverned by the d.e.
} '/ . | 'y i
ey . . L L .
w2 4 ky = f(E), in the case where the forcing function is f(t) = A sin wt.
at”

fake y(0) =y and y'(0) =y,

2
k A
>> We have, ET—QZ + — Yy = — sinwt
dt m m
Let A% = k/m and W = A/m, for convenience.

Now we have, (D2+)L2) Y(t) = pusinwt

AEis m*+32 =0 .~ m=+ik and Y, = cjcosht+e,sint
_usinwt o o2 _ Usinwt
yp_D2+}\2 ; D7 = —w gives ypmm_hz—wz’ (h#w)
y=Y.1Y,
i £
Hence, y (t) = ¢ coslt+czsmkt+i;flz:; ()
t
Also, 1./'(1.‘):—)u:lsin?&t+)&r:2cos?df+—"t—;:g%;i o (2)
Consider y(0) =y, and y(0) =y
(1) and (2) respectively becomes,
uw
= ¢, and =Ac, +
Yo = G Y1 272 2

- _1 L kW
€ =Yg and ¢, = (3’1 kz_wzJ
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Using these values in (1) we have,

y(t) = FOCOSM*'l [yl__izl-l_w} sinAf + psmwi

A _w2 )\‘2"_“)2

y
Thus y(t) = yycosht + — sinkt + -+ — [sinwt— w sinxt], A+ w

A A2 — uf A
d2x 2 .
79. The d.e of a simple pendulum is dz + w"x = Fsin nf, where w and F are
r

. x . .
constants. If at t =0, x =0 and P 0, determine the motion when n = w.

>> We have (D2+w2) x = Fsinnt

AFis m*+w’ =0 .~ m=+iw and xczclcoswt+czsinwt

y = F sin nt

P D%+ uw?

F sin wt b} C .
fn=w, x,=—F—3 ; D? — —uw* makes the denominatior zero.
S e :

x = Fsnwt It Jsinwt dt = —ft cos wi

P 2D 2 T 2w

X=X +x,
H = t i Lid 1
ence x(f) = ¢ cosw +c_2smwt—2w cos wt (M

, . F .
Also, x’(t)=-wc sinwt+ we,coswt - 5w (—twsinwt + cos wt ) .. (2)

Wehave x(0) =0 and x'(0) = 0, bydata.

Hence (1) and (2) respectively becomes,

F F
0=c and 0=wc2—T s =0 and ¢, = —
w 2w
. . F .
Thus the motion when n = w is, x(t) = 7 sinwt ~ g cos wt
2
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80. The current i and the charge q in a series circuit containing an inductance L,
. di g dg
tance C, e.m.f E sati de. L S E;di= ",

capacitance C, e.m.f E satisfy the de. L a bt E; i ar

of t, given that L, C, E are cosntants and the value of i, q are both zero initially.

Express q and i in terms

>> Using i = %;1 in the given d.e. we have,

2 2
d°q9  q _ 49 49
L dt2 +c E or 2 +LC

E
L
Denoting A = 1/1C and K = E/L wehave (D2+7\2) g=1n
AEis m+X2 =0 - m=2ir

CF =g =cicosht+c,sinit

P.I:q: u = 'uf.’Ot :£
PooD?+22 DA 2
4=49.%4,
q(t)zclcoskt+czsinlt+% (D)
Also q’(t)=—Aclsinlt+lc2-coskt_ . (2)

But  4(0)=0 and 4’(0) =0 bydata.

Hence (1) and (2) respectively becomes,

o _ . - 2 -
0:cl+—/{§ and 0=Ac, . ¢, = —wA" and ¢, =0
Using these values in (1) we have,
q(t)z—(},L/?Lz)coslt+(u/)Lz)
_ 2y 1o 2 E/L
or g(t) = (WA%) [1-cosit] where pn/i L EC

Thus g(t) = EC[1-cosVY1/LC t]
Also  i(t) = q’(t) = ENC/L sin YI/LC ¢
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EXERCISES

Solve the following differential equations

1

g

o AT LI

10.

11.

12.
13.
14.

15.
16.

17.

18.

19.

20.

%+3%+3%+y = 5 +6¢  +7
y”—6y’+13y = X +2"

dx” (t)—x(t) = e’? + 12 cosh t

y” -3y’ +2y = 2sinxCoOs X
y”=3y"”+9y’—27y = cos 3x

x”(t)+8x (t)+25x(t) = 16(3cost~sint)

¥y 'ty ty = Prx+l
3

dd—?{i—Sy:x(xz+1)
x

X () =x” (t)=6x’(t) = 1+

E!*'2—11+4y = 267 sind x

d

(D°-D?+4D-4)y = 68¢* sin2x
y”+dy’ +3y = ¢ L

x”(t)+4x’(t) = 65cosh2tcost
y”+2y +y = xsinx

y 'ty = 2% sin 2x

y” =3y” +4y’ -2y = € +sin(W/2+x)
%&y"‘y = cogt {x+2)+4sin(x/2)cos (x/2)
(D*+2D%+1)y = x* cos x

dx _tﬂ -
E+y—e, dt X =¢€

t

dx ___t_fgz .
E+x-—y—e,dt+y x=90



EXERCISES
A NS\A”EBE‘
Loy =(ceyxtex®)e “+52/27 42504 47
. 2x X
2. y=e3x(clc052x+czsin2x)+e—+ 5 2
> (log2)*-6(log2)+13
3. x=clef/2+cze_t/2+(t/2)ef/2+4cosht.
4. y:clex+c2ezx+(3cos2x—sm2x)/20
5. y=61e3x+c2c053x+c3sin3x—x(si113x+cos3x)/36
6. x =e“‘”(clc053t+czsin3t)+2cost
7. y=e_’m{clcos(\/é’_x/2)+c2sm(\/§x/2)}+xz—x
3
3 Y o—x g (4x" +4x+3)
8. Y=o e e {czcos(ﬁx)+c351n(\@_x)}—T
- 3t - b oo
9. X =0, et toye —108(6t 3t+25)
g2x €2x
10. y:clcos2x+czsm2x+*8—-%(2sm2x+c052x)
11. y:Clex+czc052x+c3sin?.x—28"'(4sin2x+c052x)
s € 5
_ - X —oXx b
12. y =cie “+e,e A (427 + 6%+ 6x+3)
13. xzclcos2t+czsi112t+4sinh2tsint+7cosh2tcost
R -x, 1 .
4. y = (cl+czx)e +2(smx—xcosx+c0:>x)
. 1 . 2
15. y = Clcosx+czsmx+ﬁ(26sm2x—24xc052x—9x sin 2x )

113
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: 1
X, X : x, L .
16. y = ¢ ¢ +¢ (€yCO8X+Cy8InX)+x¢e +10(cosx+35mx)

xsinh(x+2)+xcosx

_ X - X ;
17. y = ¢y +c e " +egeosx+ e sinx+

4 2
18 _ . Psinx 9 —xt
. y——(c1+c2x)cosx+(c3+c4x)smx+ ™ + a3 oS
19. x = —¢;sint+c,cost+sinht, y =¢ cost+c,sint+sinkt
20. x = Cl+62€_2t+2€t/3 ;Y= clﬂcze'2t+et/3
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Unit - I11

Differential Equation - 3

3.1 Introduction

In this unit, we first discuss a special method for solving a nonhomogeneous linear
differential equation of second order involved with complicated functions on the right
hand side of the equation where the particular integral cannot be found by inverse
differential operator method. The method can be extended for higer order equations
also.

We also discuss solution of differential equations in some specific forms involving
independent variable as coefficients of the derivatives. ( D.Es with variable coefficients
In fact these equations are solved by reducing into equations with constant coefficients

Further we also discuss series solution for a homogencous differential equation of
second order involved with constant/variable coefficients. The solution will contain
infinite series.

@ Method of variation of parameters
Consider a second order D.E in the form

y”+a1y’+a2y=¢(x) (D)
where a;, 2, may be functions of x or constants. Let us suppose that the C.F
associated with (1) is in the form Y, =€ Y +¢, Y, where ¢, ¢, are arbitrary
constants and Y, Y, are functions of x being the linearly independent solutions of

the homogeneous equationy ” +a, y "+a,y = 0.

This implies that
Y rayrayy, = 0 . (2)
yz"+a2y2’+azy2=0 (3

We replace the arbitrary constants €y, €, presentin A by functions of x say A, F
respectively and try to determine them such that
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y=Ay +By, o (4)
is the complete / general solution of the given equation.

The procedure to determine A (x) and B (x) is as follows.

From (4} y’=(Ay]’+By2’)+(A’y1+B’y2) ...(5)
We shall choose A and B such that

Ay, +B'y, =0 ... (6)
Thus (5) becomes y’ = Ay, "+By,’ 7

Differentiating (7) w.r.t x again we have,
y”:(Ayl”+By2”)+(A’yl’+B’y2') (8
Thus (1) as a consequence of (4),(7) and (8) becomes
(Ayl”+By2”+A’yl’+B’y2’)+a1(Ay1’+By2’)+ a, (Ay;+By,) = o(x)

e, Aly"rapy ey ) ¥ B vy ey )+ (ATY T H BTy, ) = 6(X)
ie., A-04B-0+(A’y,"+B’y,”) = ¢(x), by using (2) and (3)
le., Ay "+By, = ¢(x) ... {9)
Let us consider equations (6) and (9) for solving.
A’y +B’y, =0 ... (6)
Ay "+B7y," = o (x) )
Solving for A’, B’ by Cramer’s rule we have,
A’ B’ 1
A N N A
o(x) y v e(x) 7%
A’ B’ 1 _ 1

(say)

ie.,

—y0(x) Ty o) oy W
where W =y, y," -y, y," is called the Wronskian of the functions y,, y, Itshould
be noted that W#0 if y, and y, areindependent.

A’ B’

1
Hence = — will give us

"y o(x) ye(x) W
__yz(b(xz 5 lfl(b(x)

124 ’ W

?
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¥, 0 (x) v, 0 (%)
= A= ek, B [ e,

Substituting the expressions of A(x), B(x) obtained from these in
¥ = Ay, + By, we obtain the complete solution of the given differential equation.

Note : 1. Inasimilar way the method can be extended for higher order equations also.

2. Since the constants ¢, and ¢, presentin Yy, arereplaced by functions of x, the method
s called the method of variation of parameters.

3. The inverse differential operator method can be applied only to the equations having some
specific form of functions in the R.H.S. But the method of variation of parameters donot have

stch restrictions and hence it is a powerful method for solving a higher order non homogeneous
equation.

Working procedure for problems (It the case of a second order cquation)

9 Given f(D)y = ¢ (x) we write C.F in the form Y. = Y t6 Y,

< Weassume y = A Y, + By, to be the complete solution of the D.E where A, B
are functions of «x.

= Wecompute y,’, Yp"and W=y y,~y y,

< Weassume the expressions for A’ and B’ in the form :

—1ho(x) g e(x)
S w P e Tw

r

and simplify for the purpose of integration.

¢(x) ¢(x)
A=-] yiw——dxntkl, B= [ w—dxtk

A(x), B(x) aresubstitutedin y = A v, +By2

WORKED PROBLEMS

: - 2
L. Solve by the method of variation of parimelers, ¥y U+ av y = sec ax
>> We have (D2+a2)y = secax
. 2,2 _ .
AEis m"+a" =0 = m = tai
yc = Cl COS{JI+L’2 sinax
y=A(x)cosax+B(x)sinax 9]

be the complete solution of the given equation where A (x), B (x) are to be found.



118 DIFFERENTIAL EQUATIONS - 3

We have Y, = cosax Yy, = sinax

y," = —asinax y,” = acosax

W=y9, =Yy =a Also ¢(x) =secax

—}f2¢(x) qu)(x)
Al ————— B = ————
W W
Al = —sinax secax B,:cosax-secax
a a
ie., A,:—-tanax B’=ﬂ1~
a a
a="1 dx+k B=21 fdxrk
= = —&—J-ta.nax X+, = X+ Ko
. A_—log(secax) k g - Xk
ie., ——7‘—“+ 1 ~E+ 9

Substituting these in (1) we have,

w + klil cosax+ I:E + kz} sinax
a i

cos ax log ( sec ax) +xsin ax

Thus y = k cosax+k,sinax-

pr a
. d? Iy : o .
2. Solve: 5oty s tan by the iwethod of cariation of paraneters.
dx
>> Wehave (D2+ 1)y = tanx.
AEis m*+1 =0 = m = +i
Y. = € COsX+c,sinx.
y=A(x)cosx+B(x)sinx o AD
be the complete solution of the given D.E where A (x), B(x) are to be found.
We have y, = cosx Y, = sinx
y, =-sinx y," = cosx

W=y, —y,y =1. Also ¢(x} = tanx

, _yzq)(x) , y]‘b(x)
Al = = B/ =~
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A’ = —sinxtan x B’ = cosxtanx
s 2
- x
Ar=20X B’ = sinx
Cos x
1-cos® x
= A= I (1-co )dx+k B = Jsinxdx+k
Ccos X 1 2
A= I(cosx—secx)dx+k1 B=—cosx+k2
A=sinJc—lu:)g(secx+tanx)+k1 B = -cosx+k,

Substituting these in (1) we have,

Yy = {sinx—log(secx+tanx)+k1}cosx+{—cosx+k2}sinx

Thus y = klcosx+kzsinx—cosxlog(secx+tanx)

d L :
3. Solve -E! ty = secxtanx by the method of variation of parameters.
dx

Note : The problem is similar to the previous one. But we have ¢(x) = sec xtan x.

The computation of A and B is given.

A’ = —sinxsecxtanx , B’ = cos x sec x tan x
A’ = —tan’x = 1-sec’ x B’ =tanx

= A= I(l—seczx)dx+k1 B = J.tanxdch2
A=x—tanx+k1 B=10g(secx)+k2

Substituting thesein y = A cos x + Bsinx we have,

y = {x—tan,\fnw’c1 }cosx+{ log(secx)+k2}sinx
y = k1 cosx+k2sinx+xcosx—sinx+sinxlog(secx)
Theterm -sinx canbe neglected in view of the term k, sin x present in the solution.

Thus y = klcosx+kzsinx+xcosx+sinxlog(secx}

1. Solve (D*+1) ¥y = cosecx cotx by e method of variation of parmeters,

Note : This problem is also similar to the earlier two problems. But we have
¢ (x) = cosec x cot x. The computation of A and B is given.

A’ = ~sin x cosec x cot x B’ = cos x cosec x cot x
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A’ = —-cotx B’ = cot’ x
= A= j-cotx dx+k, B = I(coseczx—l)dx+k2
A = ~log(sinx)+k B:—cutx—erk2

Substituting these in y = A cos x + B sinx we have,
y = {—Iog(sinx)+k1 }cosx+{—cotx—x+k2}sinx
y = k, cos x+k, sinx—cos xlog (sinx ) —cos x —x sin.x.

The term —cosx can be neglected in view of the term k, cosx present in the

solution.

Thus y = klcosx+k2sinx—cosxlog(sinx)—xsinx

5. Solve by the method op caviation of parinelers, y "4 diy = 4 cec” 2x
>> We have (D2+4)y = dsed 2x

AEis m+4 =0 = m=+2

Y. = ¢, cos2x+c,sin2x.
Je I

2
y=A(x)cos2x+B(x)sin2x (D
be the complete solution of the given equation where A (x), B(x) are to be found.
We have Yy, = €os 2x Y, = sin2x
y, = —2sin2x Y, = 2¢082x

W=y y, 1y =2 Also ¢(x)=4sec’2x

—y, 0 (x) Y, 9 (%)
A= — B’ = —
w W
, —sin2x - 4 sec” 2x , cos 2x - 4 sec” 2x
A = B’ =

2 2

A’ = ~2tan 2x sec2x B’ = 2sec2x
= A= I—Ztan2xsec2xdx+k1 ;. B = stechdx+k2

i

A:—sec2x+k1 B = log (sec2x +tan 2x ) +k,
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Substituting these in (1) we have,
y= {—sechHcl }c052x+{log(sec2x+tan2x)+k2}sin2x

Thus y = k cos 2x+k, sin2x - 1+ sin2x - log ( sec 2x + tan 2x )

. . . d™ v
v s deaeethedd of caviation of pavameters soloe - s 4y = tan 2y
dy

Note : This problem is similar to the previous one. But we have ¢ (x) = tan2x. The
computation of A and B is given.

LIES e
> NOW = __“‘VV—" ; B I—W——
ie., A = - sin2x tan 2x ; B - €os 2x tan 2x
2 2
. s — sirf 2x B cos? 2x - 1 , sin2x
Consider A" = 2cos2x  2cos2x B = 2
cos 2x  sec 2x sin 2x
A= j[———zw— 5 }dx+k1 B = [>5= dx+k,
_ sin2x log(sec2x +tan2x) . cos2x
A= . i +k1 B =- 1 +k,

Using the expressions of A and B in ¥ = Acos2x + Bsin2x we have,

y = {SmZx B log ( sec 2x + tan 2x ) N kl} cos 2% + {—cost N kz} sinox

4 4 4
. , sin 2x cos 2x
ie., y =k c052x+k2sm2x+—4-m——
cos 2x log (sec 2x + tan2x)  sin 2x cos 2x
4 4
. €0s 2x log (sec 2x + tan2x)
Thus y = k; cos 2x + k, sin 2x ~ i
. . . ) . a7y ]
v Using theamctitod of canaiion op puriiieters solec: 2 +y = o
' ds i+sina

h D?+1 =
>>  Wehave ( Jy [T oins

AE.is given by mz+1 = 0 and hence m = +

Y. =€ Ccosx+c, sinx
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y=A(x)cosx+B(x)sinx D)

be the complete solution of the given d.e where A (x) and B (x)are tobe found.

Wehavey, = cosx ; Y, = sinx
y, = —sinx ; Yy = cosx
’ , 1
W=y =y =1 Ao ol =g
R 711 CO NN LIC)
ow = ™ an = W
ie., A = ”ﬂx— and B = _}}QS-L
1+sinx 1+sinx
Consider 4" = —(A¥sinx=1)_ 4, 1
1+sinx 1+sinx
= A= [—1+ - ]dx+k1
1+sinx
=—x+_[521£l—xabc+k1
cos” x
=—:c+j(seczx—secxtanx)dx-l-k1
A=—x~+tanx—secx+k1 . (2)
Also B = cos‘x :cosx(lgsmx)zl—smx
1+smnx cos” x Cos X
o B = [T g
cOsS XY
= I(secx—tanx)dx+k2
=log(secx+tanx)+log(cosx)+k2
1+sinx
~log[ o5 % ]+10g(cosx)+k2
=log(1+sinx)—log(cosx)+10g(cosx)~1-k2
B=10g(1+sinx)+k2 ... {3)

Using (2) and (3) in (1) we have,
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y = [—x+tanx—secx+kl]cosx+[]og(1+sinx)+k2]sinx
ie., Yy = kjcosx+k,sinx-xcosx+sinx—1+sinxlog(1+sinx)
The term sin x can be neglected in view of the term k, sin x present in the solution.

Thus y = klcosx+kzsinx—(xcosx+1)+sinx10g(1+sinx)

S 4’ i du v . . ) .
5 sofee: I 5 —2 I +21 = ¢ tan v using the method of variaf vt of parameters,
dx= - ’
2 X d
>> Wehave (D"-2D+2)y =¢'tanx; D = T
A E.is given by m?-2m+2 =0
2+N4-8 212 .
= = =1z
2 2
y =& (¢, cosx +c,sinx)
Let y = ¢ (Acosx+Bsinx) be the general solution of the given equation
where A and B are functions of x to be found.
We have y, = " cos x Y, = € sinx
yl’-—-ex(cosx—sinx) ; yz’:ex(cosx+smx)
W=y y) ~yy = e (cos? x +sin’ x ) = 2. d(x) = ¢ tanx
LIS LN
= Tw PB =T
, ¢* sinx tan x ,  ¢¥cosx tanx
A= P B =
e* ¢
.2 2
1~
A,:_51nx=_( cos” x) B = sinx
COos X COS X
= A= f(cosx—secx) t;bc-|~k1 : B = Isinx dx+k2
A =sinx-log(secx+tanx) + kl;B = —cosx+k2

Substituting these iny = ¢* (Acosx + Bsinx) we get,

= ¢ [sinx-lo (secx+tanx)+k | cosx + ¢ |~cosx+k, | sinx
¥ g 1 i 2

{
Thus y=¢" (klcosx+kzsinx)—etlog(secx+tanx)cosx
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9. Using the melltod of cariotion of paranicters frnd the ~oluficn oi

9
d7
5y
e

d!]
T4
da ;

>> We have, (D2—2D+1)y =

b

I =

1

AEis given by m?—2m+1 =0

4

e
X

ar

m = 1,1 are the roots of A.E

X
y, = (c1+c2x)e

y = (A+Bx)e* where A = A(x),B

the d.e and we shall find A, B.

We have, y, = ; y, = xe

Y

ey

=y = (x+1)e

Further we have, A" = —

' ’ 2x
W=y1y2 —Y Yy T €.
_y2¢(x)

W

— x. x ’
A = xezfe/x ;
el

ie., A =-1 ;
= A= [-ldx+k,
ie., A=~x+k1 ;

d

where D = —

dx

(m=-1Y =0

B (x) be the complete solution of

Also ¢ (x) = &/x
, y1¢(x)
and B Z—W"
B = e x
&
B = 1/x
1
B = J.‘; dx+k,
B = logx+k,

Using theseiny = A¢* + Bxe' wehave,

y = (—x+k1)ex+(10gx+k2)xex

ie., y=(k1+k2x)ex+(logx—l)xex

The term — x¢* can be neglected in view of the term k, x¢* present in the solution.

Thus y = (k+kx)& +xlogxée
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W By the sethod of cariation of paranieters solve : ¢ -2y +y = ¢ log x
>> Wehave (D*-2D+1)y = ¢ log x
AEis m*-2m+1=0o0r (m~12=0 = m=1 1
X
y, = (¢ +cyx)e

y = Ae*+Bx¢" be the complete solution of the given equation where
A and B are functions of x to be found.

We have ¥y = e Yy = xe*
y, =& yy' = x4

W=y -vy = xe e —x e = P Also ¢ (x) = ¢ logx

-, 0 (x) L hewn)
TwW W
—xe' ¢ logx ¢ ¢ log x
Al s ——————2 B' = ———=2~
t,2x e?'l
= A=—'|.10gx-xdx B=Ilogx-1dx
Integrating both these terms by parts we get,
1
A= [logx = I— —dx}+k B = 10gx~x—J-x-;dx+k2
A =:x2%0gx—-i-i§+k1 B =xlogx-x+k,

Substituting theseiny = A¢”® + Bxe® we have,
y = {—_—X——I—Q&{ w+k }e‘t+(xlogx—x+k2)xex

4
X X
x210§xe +x24e +x logxe® —x2 &

y = (k +kyx)e -

2 X
3 xr X logxes 3 5 o
y = (kl+k2X)€ +—2 —Zx (4
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3

: N : d2y  dy o
11. Using the method of variation of parameters solve: - 7 -0 f\ t Oy =,
dx~ ¢ i

>>  Wehave (D*-6D+9)y = e/
AE is m*—6m+9 =0 or (m-3)2= 0 => m=3,3
yc=(c1+czx)33x

y = A¢> + B x ¢* be the complete solution of the given equation where
A and B are functions of x to be found.

We have Yy, = e Yy = x e
ylf — 3(,3:( yzf = 3xe3x+83x
W=y v~y = . Also 0 (x) = e/ x?
-y, 0 (x) 3" ¥, 0(x)
Tw W
. xS .t
Al s B = —%—
¥ e
A" =-1/x B’ = 1/x°
= A= f-vxdx+k B = [1/F dx+k,
ie., A= —Iog:rc-ihk1 B = —1/x+k2

Substituting theseiny = A ¢* + Bxe®™® we have,
y = (—10gx+k1)e3x+(—-l;’x+k2)xe3x

y = (k1+k2x)e3x—e3xlogx—e3x

The term — 3% can be neglected in view of the term k1 e3x present in the solution.

12. Solve by the method of variation of parameters y "3y 2y = -
I+e

>> Wehave (D*-3D+2)y = 1/1+¢ ¥
AFis m*—-3m+2 =0 or (m=-1)Yy(m-2)y=0 > m=1,2
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y=Ae¢+B ¢* be the complete solution of the given equation where
A and B are functions of x to be found.

We have yp=e oy, =
ylf:e}l' ’_ y2,:2€2x
W= yim ~yy, =& Also ¢(x) = —b o = &
172 271 . 1+ ¢+1
s _yzq)(x) B y1¢(x)
h w B W
, — ™Y , et
A T Ty . Ar B T T x .\ 3
(F+1)e (F+1)e
A’: ~1 B’=-_‘.l._.k
e*+1 e (e +1)
- A= ['d"’+1c1 B - j—d—ﬂmwz
e +1 (e +1)
For the first term put =t ooevdy=dt or dx = dit/e5 = dit /¢
dt 1 1 1
= —=__ B ==
Now 4 It(t+1) 1) T i1
Hence A = - [%—-——Jdt=log(t+1)-logt=log[ﬁ§]
Also considerB = | ——"——
ex(e +1)
Againby putting ¢* = £ we etB*-J.—dt%
24 yp g g tz(t+1)
1 -1 1 1
But —_— = — 4= by partial fractions.
t‘2(t+1) £ e P
,[ J‘dt Jdt dt
t(t+l) t+1

. 1 1
ie., B:—logt—%+log(t+1) orleog(t—:uJ-—?
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X
ie., B :10g{€ ilj—~lx+k2

4

Substituting A and Bin y = Ae" + Be®™ wehave,

X X
y = {log(g il}+kl}e’“+[log[e tl}—»e—x-l-kz}ezx
e ¢

y =k &k P rlog (1+e ) [ +eP - ¢"

The term —¢* can be neglected inview of the term k; ¢* present in the solution.
Thus y = kle”+kzezx+log(1+e"x)[€r+ele

- . . o . o T
13. Solve by the method of cartation of parameters =y =1 =

>> Wehave (D*-1)y =2/1+¢
AEis (m-1)=0or (m=1)(m+1)=0 = m=1~1
.

— x - T
y‘__ = Cle +L2t

y = Ae* +Be " be the complete solution of the given equation where
A and B are functions of x to be found.

We have Y, = & ; y, = Pt
ylfzgx ; UZ’I—H_X
W:J/1U2'—}/2y1'=—2. Also q)(x)=2/1+gx
o mhe(x) oy o)
, =2t , 2t
_2(1+8x) _2(1+e.1‘)
dx o
= A= _[’_—-'—T_+F\'1 B:_I _'dx+k2
El(l+el) 1+€l

Referring to the previous problem we have,

ex+1) g —x —x

A = log —|-e +k, or A=log(l+e 7 )—¢ "k
et )

Also B:—log(1~\-ex)+jk2
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Substituting A(x), B(x) in y=Ae' + Be ¥ we have,
y:{Iog(1+e‘x)—e_x+kl¥ex+{—log(1+ex)+k2}e""x

Thus y=kl6Y+kze_x-1+exlog(1+e“x)—e“xlog(1+et)

x -x x e+ —x x

or y=ke +thkye " —1+¢"log 5 |—€ Tlog(1+¢%)
¢

= k, ex+kze“x—1+ex‘ilog(ex+1)—ioge"l—e_xlog(l+e"‘)

i

y = kle"+k2e_x—1+(n_ft—.e_x)Iog(1+e")—-3r€t

o . . , - 3
ooslee by e vaethed of varfation of pararcters 74 2y +2y = ¢ tsec
2 - X 3
>>  We have (D°+2D+2)y = ¢ *sec’ x

AE is m+2m + 2 =0 and by solving,

—2ﬂm/4—§ =242
2 )

=—1ti
y. = ¢ (¢ cos x +¢, sinx)

y=Ae “cosx+Be *siny

be the solution of the given equation where A and B are function of x to be found.

We have ¥, = ¢ Tcosx PoYy = e Fsinx
¥, = -¢ *(sinx+cosx) ; ¥, = ¢ *(cosx—sinx)
» ’ —2x - X 3
W=y vy, “Yo¥y =e 7. Also ¢(x) =¢ Tsec’x
" “ Y 0 (x) .y o(x)
- |13% B W
,  —¢ Vsinx-e ¥secdx , e Ycosx-e ¥secd x
A = 5 B = — oy
e X e
. _ 2 . 2
A’ = —tan xsec® x B’ = sec"x
= = - [tanx sec2xdx+k1 B = J‘seCQxdx+k2
2
~tan” x
A:H-Z——Jrkl B = tanx +k,
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Substituting theseiny = Ae” “cosx + Be~ *sinx we have,
2

-t - -
y :( a; x+kJe "cosx+(tanx+k2)e * sin x

¢ Ttan x sin x

> +e¢ Ttan xsinx

y = ¢ " (k cosx+k,sinx)-

¢ “tanxsinx
2

15. Solve (D*=3D+2) y = cos (e ) by the method of vartalion of prercniters,
>> Wehave (D*—3D+2)y = cos (e )
AEis m?-3m+2=0 or {(m-1)(m-2)=0 = m=12

Y. = ¢ ex+c232x

y = A"+ B¢ be the complete solution of the given equation where
A and B are functions of x to be found.

) 2
We have y, = ¢ iy, = e
y, ' =¢ y2’=262x

W=y, —ihy' = % Also ¢(x) = cos(e ™)

_—y2¢(x) B,_y1¢(x)
W W
4 < — > coasx( e *) B’ = ¢ cosB(te—x }
e e”
A’ =—eFcos(eF) B =¢ Fcos(e ™)
= A= J.-e_"cos(e"")dx+k1 B = je_zxcos(e_x)dx+k2
Put e %=t o -etdx=4dt
A= Icostdt+kl B = j—tcostdt-kk?_
A =sint+k, B = —tsint— [sint(-1)dt+k,
B = —tsint-cost+k,
ie., A=sin(e ")tk B=-¢ " sin(e ¥)—cos(e 7)+k,



METHOD OF VARIATIONS OF PARAMETERS 131

Substituting these iny = A¢* + Be? we have,
y o= {sin(e_"')-h'c1 }ex+{—e_xsin(e_x)—cos(e_x)+k2}ezx

Thus y = klex+gezx—e2xcos(e"x)

1

lo. Soloe (D*+3D42 Yy =& by the method of variation of parameters,

>> AEis m*+3m+2=0 or (m+1)(m+2)=0 = m=—-1 -2
Y. =6 e_x+cze'2x

y=Ae *+Be” > bethe complete solution of the given equation where
A and B are functions of x to be found.

- ~2x
We have y,=¢” Py, =T
, - ’ — 2
yl = —g X ; yz =—2€
W=y1y2’—y2y1’=—ek3x, Also ¢ (x) = ¢
. Y 0(x) oo o(x)
STwW B
4 e B,_e'xe‘f
_E—Sx __e—3x
A' =& B’ = -
= A= J-exe"xdxdkkl B =—_|.ezxe“’ dx+k,
Put =t . dx=dt
A= |efdttk, B=-ftedt+k,
A =e+k B=—(te-el)+k,
A:e"l+kl B-—-e(’x(l—ex)+k2

Substituting these in ¥ = A¢™* + Be™?* we have,

y= {e"x+kl}e_x+{eer(1—ex)+k2}e*2x
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An ilustrate example on the :pplication of the method fora tusd codes cgueiian:
(D oD T 46 )y = 240
>> Wehave y =c ¢ “+c ¢ Fac e ® (Refer problem-2 in Unit-11)
Yo = Q 2 3 4
y=Ae_x+Be_2x+Ce_3x (1)

be the complete solution of the given equation where A, B, C are functions of x to
be found.

Y = (mAe ¥ -2Be P30 )+ (A T+ B e C e )
We shall find A, B, C such that
A *+B e +C e =0 o (2)
Hence y’=—(Ae_x+ZBe_2x+3Ce_3x) ... (a)
¥’ = (Ae ¥ +4Be B +9Ce ) (A'¢ ¥ +2B ¢ F+3C e )
Let us find A, B, C such that
A6 X +2B ¢ ¥ 1+3C ¥ =0 .. (3)
y” = (Ae ¥+4Be 2 +9Ce™ ) ... (b)
Hencey ™ = —(Ae *+8Be X +27Ce )4 (A% e +4B" ¢ P 49C ¢ ™). (4)
Now consider the given equation
y”+6y” +1ly +6y = 24¢"
This equation as a consequence of (1), (a), (b} and (4) becomes,
(A +8Be T +27Ce Y+ (AT T +4B e P 49C )
b (6Ae Y424 Be B 454Ce™ ) 11 (A T +2Be” Z +3Ce )

+6(Ae Y+Be F+Ce Ty = 247

e,  A’e¥+4B’e P 49C’ e = 240 ... (5)
Now let us solve (2), (3), B) tofind A’, B, C’
A +B e ¥+ e ¥ =0 (2
Ae +2B e B 43C e ¥ =0 .. (3)
AT +4B ¢ P4 9C e = 246" (5

3)-(Q2): B¢ Z+2C e ¥ =0 ... (6)
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G)-(3): 2B e +6C" =X = 24 0*

or B/ e P 130 73 2 12, ()
Now (7)~(6): C'¢" ¥ = 12¢" or C’ = 12% = C = 3™ +k

From (6) B’ = —=24¢° — B = —883’\“+k2

From(2): A’ =12 = 4 = 6% +k,

Substituting A (x), B(x), C(x) in (1) we get,
y = (6ezx+k3)e_x+(—8e3x+k2)e—2x+(384x+k1)e'?’x

_ EXERCISES
Solve the following equations by the method of variation of parameters.
L y”+y=secx 2, (D2+1)y:c05ecx
3. (D*+9)y = 9 sec3x tan 3x 4. (D*+3D+2)y =¢ *
5. y”-2y'+y = /2 6. ¥ +2y +y = logx/e"
7. (D*-2D+2)y = ¢'tanx 8. Ez—zy—yz l-xz
dx {(1+e %)
9. y'-y =xe?

10, x"(t)—6x” (t)+1x’ (t)~6x(t) = 2

ANSWERS

L y =k cosx+k, sinx +secx/2
2. y =k  cos x+k, sinx — x cos x + sin x log ( sin x )

3. ¥ = ky cos 3x + k, sin 3x + 3x cos 3x + sin 3x log ( sec 3x )

4. y =k e_x+kze_2x+xe_x
5. y = (k +kyx)e" +e'/1243

6. i = (kl+k2x)eﬁx+x2e_x(210gx——3)/4
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7. y:ex(klcosx+k25inx)—excos_xlog(secx+tanx)
8. =k ke +e T log(1+e)—1
9. klex+kze_x+e?'x(3x—-4)/9

2t b2t
10. x(t) = klet+k2e +k3€3 —te

3.3| Differential Equation with variable coefficients reducible
to equation with constant coefficients

In this article we consider differential equation in some specific forms involving
variable coefficients. These can be solved by reducing into an equation with constant
coefficients by a specific substitution. The theory is illustrated by considering a second
order equation and we can conveniently extend for higher order equations also. We
first discuss Legendre’s linear equation and subsequently discuss Cauchy’s linear
equation as a particular case.

Legendre’s linear equation

An equation of the form,
ao(ax+b)2y”+a1(ax+b)y’+a2y=¢(x) (D

is called Legendre's linear equation of second order. We use a substitution to reduce the
same into a D.E with constant coefficients.

Put t = log (ax+b) or el = (ax+b)
dy _dydt _dy a dy _ 4y
dx = dtdx ~dt avep O (TP T 4

let D = Zid—t so that we have

(ax+b)y’' =a Dy - {2)
Differentiating (2) w.r.t. x again we get,

() d ()
(ax+b)y”+ay ““'dx[dtj““dt[dt)dx

2

. i , d°y 4

fe., {ax+b)y“ " +ay adt2 po

. 2 " ’ 2d2y

ie., (ax+b)Y y" " +a(ax+b)y =a —&_2
t

fe., (ax+b)2y”+a-aDy=a2D2y
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or (ax+ﬁ)2y”:a2(D2—D)y
Hence we have (ax+b)2y”"—~a2D(D—1)y . (3)
Using (2) and (3} in (1) we have,

[aU-azD(D—1)+a1-aD+a2]y:F(t) . (4)

t
where the RH.S of (1) being ¢ (x) = ¢| £=2

=F(t)
Clearly (4) is a linear differential equation with constant coefficients of the form

f(D)y = F(t) where D :dit

We can solve this equation as already discussed to obtain the solution y in terms of
t which can be converted back to x.

Note : We can further show that,
(ax+b)y™” =a®D(D-1)(D-2)y

(ax+0) y™ = D(D-1)(D=2)(D-3)y etc

@ Cauchy’s linear equation
This is a particular case of Legendre’s linear equation when 4 = 1 and b = 0.
That is,
Ay Xy va xy +ayy = ¢ (x) ()

This is called Cauchy’s homogeneous linear equation of second order.
As discussed earlier when we substitute ¢ = logx or x = ¢f we get xy’ = Dy ,
xzy " = D{D-1)y so that (1) reduces to the form

[a, D(D-1)+a,D+a,ly = ¢(e') = F(t) (say)

ie., f(DYy = F(t) @)

d

(2) is a linear d.e with constant coefficients where D = T

Note : Obviously we have x*y'" = D(D-1)(D-2)y andsoon.
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Working procedure for probiems

2 We ensure that the equation is in the standard form of Legendre’s or Cauchy’s
linear equation. Sometimes we have to employ simple techniques to bring it into
the standard form.

2 (a) We take the substitution t = log(ax+b) or ¢! = (ax+b) in the case of
Legendre’s equation.

We assume the results :

(ax+b)y ' =aDy, (ax+b)2 ”=a2D(D—1)1 etc. where D=£ to obtain a
Y Yy y ¥ at

linear differential equation with constant coefficients.

(b) We take the substitution t = logx or x = ¢! in the case of Cauchy’s equation.
We assume the results :

xy’ =Dy, Py’ =D(D-1)y, y” =D(D-1)(D-2)y etc.

d T . . .
where D = it obtain a linear equation with constant coefficients.

2 We solve the linear differential equation with constant coefficients to obtain
y:yc+ypintermsoft '

2 We substitute for { and present the solution y in terms of x

WORKED PROBLEMS

Problems on Canchy’s Hinear ecqualtion

L ~d L an 3
AT A N L AL I

>> Wehave xzy”—Sxy’+4y=(1+x)2 A

Put f = logx or el = x.

Then we have xy’ = Dy, xzy”zD(D—l)y where D:gg

Hence (1) becomes, [(D(D—-l)——3D+4]yr=(1+et)2
ie., (D2—4D+4)_1/: 1426 +e
AEis m*—4m+4 = 0 or (n'z_2)2 =0 == m=2,2

2t
y. = (ci+c2t)e
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y 1 N 24 N e fp. 4 ps (say)
= — 4 = sat
P D2_4D44 DP—aD+4 DP_ap+q 1 TPTPRSAY

I S |
MU D apea T 0-0%a T 4
Zf_’t 2&’If ¢
p = = -——:2{')
2 DP-aD+4  1-4+4
2 2t
¢ e
= o = Dy = Q)
Py T D _iape4  4-8+44 )
NPT GO (Dr. = 0)
Pa=lople Ty T
2t
2 ¥
Pty
Compilete solution : y = YetYy, where Y, =Py tpytp,
+* (logx )’

18. Solve: xX*y” +xy’+9%y = 3x” +sin (3 log x)

>> Putt=logx or ¢ =x

i
oIt

Thenwe have xy’ = Dy, xzy” =D(D-1)y where D =
The given equation becomes,

[D(D-1)+D+9])y = 3¢ «gin 3¢
ie., (D2+9)}/=332’+sin3.‘

AEis m2+9 =0 > m = +3i

y, = ¢ cos 3t+ c, sin 3t

y o 3¢ smd
PpPeg pleg LT

332 3
LT g o249 13
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sin 3t sin 3¢
= = (Dr. = 0)
P27 2,9 " Za249
sin3t _t . o . -tcos3t
‘—5‘5‘"—5 sin 3t dt = 6

Complete solution : y = Y+, where Yy = PP

2
3 log x - 1
Thus 1y = c,cos(3logx)+c sin(310gx)+'fxf— ogx-cos (3 logx)
1 2 13 6
3 2
] 1
19. Solve: x d ;l +d 21—} = -
dx dx X
rrt e 1 . . 2
>> Wehave xy™ +y" = < and multiplying by x° we get,
x3ylf.’+x2y11:x _.,(])

Put f = logx or ¢! = x. Then we have

1
xy' =Dy, Xy” =D(D-1)y, Py = D(D-1)(D=2)y where D = :u

Hence (1) becomes [D(D-1)(D-2)+D(D-1)]y = ¢t
AEis m(m-1)Y(m-2Y+m(m-1)=20
ie., m(m-1)[(m=23+1]=20
or m(m—-l)2=0 et m=290,1,1
y. = Ci+(62+c3t)t’f
¢ t

e 4

PDroopPap  1-2+41
! o
= b=t (Dr = 0)

(Dr. = 0)

e

- f———
3D?—4D + 1 3-4+1

_pd £

T eD-4 2

Complete solution : y Y+,

2
I
Thus ¥ = ¢;+ (¢, + ¢4 logx)x+ f_g__,_(_’zﬁ?fl,
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2

: 1
20. Solve: x f-i—--;-—— %‘li =3+

dx A X

w2y 1 L
>>  Wehave xvy - T Xt and multiplying by x we get,
x
xzy”—Zy:szr% (1)

Put t = logx or el = x
Then we have, xy’ = Dy, xzy” = D(D-1)y where D = %

Hence (1) becomes, [D(D~-1)-2]y = et et
ie., (D?-D=2)y = +e!

AEis m*-m-2=0 or (m-2)Y(m+1)=0 = m=2 -1

_ 2 —t
y.=cp et Hoe

€2t o t

= + = ops o+ pa{ SaYy)
T pipoy pPop-p NTRU
2t 2
¢ e
= e = Dr.=0
8 D’-p-2 4“2—2( ' )
DU S ¥
:D~1 3 3
~t —t
¢ e
= = Dr.=0
P2E g 112 )
R ST
2D-1 -3 3
Complete solution : y = Yo+ Y, where Y, = P17 P
C
Ceaty 2 logx (2 1
Thus  y = ¢ + 3 (x s
3 2 .
21. Solve: x i---g—+3x2 d_};,_r + ¥ r;;*I)l+8y= 65 cos (log x)
dy dx” X
>>  Put t = logx or x = ¢ Thenwe have,

d
xy =Dy, ¥*y” =D(D-1)y, ¥y =D(D-1)(D-2)y where D =7
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Hence the given d.e becomes,
[D(D-1)(D-2)+3D(D-1)+D+8]y = 65cos t

i, [D3-3D°42D+3D*-3D+D+8]y = 65cost

or (D¥+8)y = 65cost

A Eis given by 48 =0

or (m+2)(m>=2m+4) =0

or m=-2 and m*-2m+4 =0

By solving me—2m+d = 0 we have,
2+VA-16  2+2i\3
5 =

5 =1+iv3

m =

y. = cle_2’+et czcos(\/—?;t)+c35m(ﬁt)}

5cost
Also  y = -Q-;Oq . Wereplace D* by — 12 = -1
P74+ 8
, . 6ocost 6b(8+D)cost
oD T lp?
_ 65(8cost-sint) .
Yy 65 = Bcost—sint

Complete solution : vy = Yo+ Yy

c
Thus, y = %+x{c2cos(\/§logx)+c3 sin(\féi_logx)} + 8cos(logx)-sin(logx)
x
2 ds,'! dzy dy
22. Solve: x et 3x-—--:2— + == = leogx
dx dx dx
>>  Multiplying the given equation by x we have,
3 2
d
d dir  dx
PPut t =logx or x = ¢!, Then we have,

vy’ = Dy, xzy” =D(D~1)y, x3y”’=D(D-1)(D—2)y where D :d%
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Hence (1) becomes,

[D(D-1)(D-2)+3D(D-1)+D] = &+

Le., D3y=0
AE is n = 0 and hence m = 0,0,0
yC:(c1+c2t+c3t2)90f or yC:c1+c2t+cgt2
_€3tf_ kn t_____ 3t t
Yp =3 T ¢ 3¢ 3 3
D (D+3) D°+9D°+ 27D + 27
P.I is found by division.
127 - 1/27
27+21D+9D*+ D3 | ¢
t41
-1
-1
0
_oa (t-1)
=€ 27

Complete solution : y = Yty

, X.(logx—1)
27

Thus y = {c1+c2logx+c3(logx)2}

23. Solve: xzy"—xy’+2y = xsin{logx)

>> Put t = logx or ¢! = x. Then we have

xy’ = Dy, xzy”zD(D—Hy where =

Hence the given equation becomes
[D(D-1)-D+2]y = ¢'sint

ie., (D*-2D+2)y = ¢'sint

AEis m*-2m+2 = 0 and by solving,

2+V4-8 2+2i .
mos T = ST = 14



142 DIFFERENTIAL EQUATIONS -3

y. = ¢! (cicost+eysint)

¢! sin ¢
y,= 5 o Now D—-D+1
P D-2D+2

y = {’t- sint o ef,“s_,irlt_.
4 (D+1Y-2(D+1)+2 D?+1

in t
= T (Dro=0)
-17+1
. . f
_ ot ,sintp o fsint —e teost
=t = tj 5t S

Complete solution: y =y + yp

Thus = x|c, cos(logx)+c,sin(logx) __J_c_lqucosr(rlog_x")
Yy 1 8 2 24

4dSu 311‘21/ > dy .
—= 2y o —x v +xy = sin(logx)

24, Solve: x 5 i

e dx

>> Dividing the given equation throughoutby x we get,

3 2
3d’y 247y Ay 1
X ia +2x 2 xdx+y—xsm(logx) D

Put t = logx or ¢/ = x. Thenwe have,

xy’ =Dy, Py” =D(D-1)y, ¥'y” =D(D-1)(D-2)y where D =

Hence (1) becomes

[D(D-1)Y(D-2)+2D(D-1)-D+1]y = ¢! sin ¢
ie., [D?-3D?+2D+2D*-2D~D+1]y = ¢ 'sint
ie., [D3—-D2—D+1]y=e’“fsint
AEis mP—-mP—m+1=0 |
or mz(mﬂl)—l(m—])zoor(m—l)(mz—l)zo
ie., (m—l)z(m+1)=0 m>om=1,1,-1

- f Lt
.= (e v t)e +oqe
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-t

— Now D? —y -1

in ¢
Yy o= : ;m -~ Now D-D-1
P oA(D-1)"(D+1)
y _{)_f‘ﬁ__sint Yy sin ¢
p (D-2YD D?.D-4D? + 4D
Yy sint _ ot (3D-4)sint
Yp = 3D+4 (3D-4)(3D+4)

~t
€ .
Yp = 55 (dsint-3cost)

Complete solution : y = Y tY,

5,1

-t 3cost-4sint H_,_3cost—4sin__t_
9% - 16 ' ~25

y = (cl+czlogx)x+~x~+-25x[4sin(Iogx)-3cos(logx)]

25. Solve: X’y —x vty = leog ¥

>> Put t =logx or x = ¢'. Then we have,

xy’ = Dy, x2y" = D(D-1)y, where
Hence the given equation becomes,
[D(D-1)-D+1]y = ¢t

- 2 o
iv., (D°=-2D+1)y =¢" - ¢
AEis n12—2m+] =0 or

d

TJ -
! dt

(m~1)2:0 = m=1,1

y. = (¢ +c2t)et
ezr t
Y, = e 5 Now D—D+2
(D=1
T t ot o
= {) . _,,.__2 —_ P N 7,,,,') R e . ‘..__..._.__....A.;r)
{D+1) D"4+2D+1 1+2D+ D~
We have to employ division.
=2
142D+ D? t Quotient = (f-2)
- 42 and yv = 4’2'(1‘72)
—

P =2

| 0
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Complete solution : y = Y+,

Thus y = (c1+c210gx)x+x2(logx—2)

d 2
26. Solve: x° :122 —(2m—-1)x fiz + ( nt* + 1 Jy = w2y log x
X

>> Put t =logx or ¢! = x. Then we have

D(D-1)y where D =§?

xy’ =Dy, ¥y
Hence the given equation becomes

[D(D-1)~(2m-1)D+(m+n®)ly = n? ™t
ie., [D2—2mD+(m2+n2)]y=nzemtt

AE is p°—2m +( i + 1’ } = 0 and we solve for p.
P p P

(We have replaced D by p to write the A.E since m is involved in the example.)

B 2mi\f4n12—4(mz+n2) _ 2mi2in

= = mz*in
2 . 2
mt .
y.=¢ (c1 cosnt+c2smnt)
2 mt
n et
Y, = > Now D> D+m
P D -2mD+{(m +n")
_ ot .__,__._’T.zf,,,, R
- 2 2 2
(D+my =-2m(D+m)+(m" +n")
2
ot E
D? + n?
We employ division now.
I S
n? + D n>t Quotient = t and y, = Mt
nE+0
0

Complete solution: y = y_+ Y-

Thus ¥y = x'"[clcos(nlogx)+czsin(n10gx)]+xmlogx
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27. Solve the Cauchy's homogeneons linear equation

_2qr3y Ay — lae v in T
2 XL T = log vsin (log x)
>> Put t =logx or e = x. Then we have,
xy’ = Dy, xzy”:D(le)y where D:L%
Hence the given equation becomes
[D(D-1)+D+1]y = tsint
ie., (D2+1)y=tsint
AEis m*+1 =0 = m = +i
yc—clcost+c25int
tsint tv Dy v
V. o= and weuse ~——— = [t —L | T
T D f(D) [ £(D) |f(D)
Yy, =if— 2D s;nt D2—>—1 (Dr. = 0)
P D*P+1| D41
—_t— 2D t_sint
I = D?+1 2D
y —_t 2D —tcost_]
ol DPed 2
_ —t2c05t+D(tc05t)
Iy 2 D?+1
y - —t2cos{_ tsint+ cos | tsint y
P 2 D’+1 D?+1 p*+1 P
__—t2cost_ 4t cos t 2 _—tzcost tsinf
Yo =2 T B/ 2

. i
le., 2ypw2(smt—t

(sinf—tcost)

£
cost}) or Y= 7

Complete solution : y = y.+ yp

y=c¢,cos(logx)+c,sin(logx)+ l%%-i [sin (log x ) — log x cos (log x )]
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28. Solve: VD* ¥ Dutby = ,\2‘ sin (log x)
>> Wehave xzy”—-Sxy’JrSy:xzsin(logx) Y
Put t =logx or ¢/ = x. Thenwe have

xy’ = Dy, Xy” = D(D=-1)y where D :%
Hence (1) becomes, [D(D-1)-3D+5]y = e sin t
je,  (D*-4D+5)y = ¥ sint
AEis m’—4m+5 =0 and by solving,
_4%V16-20 _ 412

=24
m 5 5 2+
_ 2t .
y.=¢ (clcost+czsmt)
2f .
t
y, = ——"— Now D> D+2
P D" -4D+5
7 sint o sint
(D+2)Y -4(D+2)+5 Do+1
T t_si.nt __—eﬂtcost
Yp = € 20 0 2

Complete solution : y = Yo+ Yy

¥ log x cos (logx)

Thus vy = xz[clcos(logx)+c25in(logx)]—

Problems on Legendre’s linear equation

29. Selve the Legendre’s form of linear equation

2

(1+1) d;f §’+(1+;—)Z;‘f+y = sin2{log(1+x)]

X

>»> Put t=log(l+x) or ¢ = 1+x Thenwe have

2
: dl[_ ] ?_d ¥y 42 _ ) _i
(1+x)dx_1 Dy, (1+x) 2 =1"D(D-1)y ; where D = T

Hence the given D.E becomes,
[D(D-1)+D+1}y = sin2t

ie., (D*+1)y = sin2t
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AEis m+1 =0 = m=ti
Y. =c cost+c,sint

y. = sm2t  sin2t  -sin2t
FopP+1 —2%+1 3

Complete solution: y = y_+ Y,

sin2[log(1+x)]

Thus y= cycosllog(1l+x)l+c,sin[log(1+x)]-

30, solve: (_2\'+1)2y”v6(2x+1}y'+16y = 8(2\'-+1)2

>> Put t =log(2x+1) or ¢! = 2x+1 Then we have,

(2x+1)y’ =2-Dy, (2x+1)°y” = 22D(D-1)y, where D :%

Hence the given equation becomes
[4D(D~-1)-6-2D+16]y = 8¢

i,  (D*-D-3D+4)y = 2¢%, ondividing by 4.

ie., (D*-4D+4)y = 2%

AEis m*-dm+4 =0 or (m=-2¥ =0 = m=2 2

_ 2t
y. = (e +e,t)e

2t 2t
y = 2e ;= 2¢e ; (Dr. = 0)
Fooyp-2y (2-2)
2821‘ €2t
= p— = ¢ Dr. =
2(D-2) " (25 (Dr.=0)
e 2%
ypth=te

Complete solution : y = yc_%"yp

Thus y=lc +c,log(2x+1)1(2v+1)2+{log(2a+1) 1 (2x+1)?
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31. Solve: (2v+1 )2 y'=2(2v+ 1)y’ -12y = 64 +5

>> Putt =log(2x+1) or ¢ = 2x+1 Then we have

d
(2x+1)y" =2.Dy, (2x+17y” = 22D(D-1)y where D =
Hence the given equation becomes,
i
-1
[4D(D—1)—4D—12]y=6(€2 }+5
ie., 4(D*-2D-3)y = 3642
2 B N
or (D" ~2D~3)y = i€ 1o
AEis m*-2m-3 =0 or (m-3)Y(m+1)=0 = m=23 -1
y, = ¢ r)3f—+rc26f
3 el 1 eVt
vy =2 -
T ap2_op_3 2 pPiop-3
1 3 o 1 (Ot
T 41-2-3720-0-3
_ -3 1
T 16 6
Complete solution: y =y + Y,

2 3(2x+1) 1
(2x+1) 16 6

Thus y= c1(2x+1)3+

32. Solve: (3x+2)y”+3(3x+2)y =36y = 8% +4x+1
>> Putt =log(3x+2) or = 3x+2 Then we have,

(3x+2)y’ =3 Dy, (3x+2)2y” = 32-D(D—1)y where D :dit

1
Further x = E(é’t—Z)
Hence the given equation becomes

[9D(D-1)+9D-36]y = 8%(ef—2)2+4%(e*—2)+1
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ie., 9(Dzm4)y=§(ezf—4e*+4)+§(eh2)+1
. 2 _8 2 20 17
ie., 9(D"-4)y 9 9€+9

or (D*-4)y = 8—11(8e2f—-20e’+17)

AEis P-4 =0 = m=142

Y. =6 32t+c2 e 2t

y oL 8”20 17
P 8l plos pD’-4 D*-4
_Lf, 8 20 17
“81|"" 2D 3" %
L1 2,20 4 17

yP_Sl[ "2 3“_4J

Complete solution : y = y.+ Y,

¢ 1 17

Thus =¢c (3x+2 2+——2_ 290 (3x+2)(3x+2 +—— x+2)——

v= (et Lo gl (e 2t + P ran -
EXERCISES

Solve the following differential equations

3 2
1 x3d y+3x2d y—2xﬂ+2y:(}

dx3 dF  dx
2. x27_ xi—‘l/+4y—(1+x)
2 N
3 d’y o ad%y b
3. x P +2x 2 +2y—10(x+x}
4., @*:21—33(;3 4y = sin (log x )
5. 1’2—} %—12y=x210gx
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6.

vy _ 5_sin(logxl
x T2

(1+x)2y”+(1+x)y’+y = 4coslog(1+x)

2xy”+3y,_

(2x+1Yy”—2(2x+ 1)y’ =12y = xlog (2x+1)
(3x-2Yy”-3(3x-2)y’ = 9(3x—2)sinlog (3x-2)
)zy"—-(x+2)y’+y =3x+4

ANSWERS

y = (cl+c210gx)x+c3/x2

2 2
y = (cl+‘:210gx)x2+i(—£v1%gi)~+2x+l

4

—El—+ log x ) + ¢, sin (1 | 5y 4 2108X

y= x|c2cos( 0g x) +cqsin ogx)J ¥ p
|

y:(cl+c210gx)x2+§§§3sm(logx)+4cos(logx)}

_C_1+ 3_£2. lo +§
Y= I € X" = |logx + ¢

PN~ I B log x) -2 sin (1 |
y=roNrts 13x.cos(oox)— sin ( log x )

Y = clcos[log(1+x)]+c25in[log(1+x)]+210g(1+x)sin[log(1+x)]

c
: 3 _2_108(2x+1) log(2x+1) 1
y =6+ 5 — (2x+ 1)+ 7 3%

y = cl+c2(3x—2)2—%(3x—2)sin[10g(3x—2)]

¥ =g Cos(logx)+czsin(10gx)+%logx[sin(logx)—logxcos (logx)]
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3.4| Series Solution of Differential Equation

We discuss the method of finding solution of a second order homogeneous differential
equation in the form of convergent infinite power series.

Subsequently we extend / generalize this method which is referred to as generalized
power series method or Frobenius method.

!3.41 Power series solution of a second order QODE

Consider the DE in the form
a* 4
Po(x);c%+Pl(x)-&%+P2(x)y:0 Q)

where P0 (x), P, (x)and P2 ( x ) are polynomials in x with P,(x) # 0atx = 0.
The method is explained step wise.

= We assume the solution of (1)} in the form of a power series,

y=>3 ax o (2)
r=20

d}/ ’ - r—1 y . ’” - r—2
= Then, - =y =Y a rx and mx——y = a r(r-1)x
0 ¢
& We substitute these along with y = Z a, X" in (1) which results in an infinite
0
series with various powers of x equal to zero.

[1t is evident that this will be satisfied only when the coefficients of the various powers of x are
equal to zero.]
= We equate the coefficients of various powers of x (starting from the lowest power of

x) to zero. In general when the coefficient of x” is equated to zero, we obtain a
recurrence relation which will helps us to determine the constants
By, Ay, Ay, A, - -intermsofaoandal.

~ We substitute the values of Ay, 4y, 4, ...in the expanded form of (2):

2 3

— 4 .- ..
Yy =agtagx+a,xtta,x+a,x +a5x5+

<@ Thus we get the power series solution of the ODE in the form,

y=ay F(x)+a,G(x)
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where F(x)and G (x)are convergent infinite series in x.
Remarks :
1. The method is adoptable for first order DEs also.

2. Sometimes we can recognize the functions F (x)and G (x ) represented by convergent
infinite series. This will help us to compare the series solution with that of analytical
solution. We recall the following standard convergent infinite series in ascending

powers of x.
2 3 4 xZ x3 4
X x x x X ‘ -x _ X X X X
Le=ltytytgtyts oot = -t Tty
4 [ 3 5 7
X X x , x° x x
3. COth=l+EF+I+a+--- 4. smhx=x+—§?+—§!—+-ﬂ-+...
P , o P K
5. Cosx:‘l“‘ii'z—%?%‘"' 6. Smx:x_-é—!—+§m?!.+.

Note : The first three of the worked problems that follows are presented with the intention of
giving an insight to the series solution method by taking DEs having analytical solution.
Various steps are also explained in detail.

WORKED PROBLEMS

. ) . : fu
33. Obtain the series solutien of the equation ‘ L 2yy =0

d
>> Wehave, y'—2xy = 0 ()
[Note that the coefficient of y' = 1 = P (x) # Oat x = 0]

oo

Let y=> a ¥ .2
r=20
be the series solution of the given d.e.

y' = Z a, px' T
0

Now (i) becomes,

o

Z arrxr'l—2x Z ar:cr =0
0 G

, r—1 r+1
ie., Z a.rx -2 Z a.x =0
0 0

We equate the coefficients of various powers of x to zero.
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[ Note that on giving values forr = 0,1, 2,3, - the first summation has terms with
powers of x:x ! , xo, x! , xz, - and the second summation has terms with powers
AP, We independently equate the coefficient of 1 and 10 to zero first and

subsequently equate the coefficient of x” in general to zero |
q yeq g

Coeff‘ofx_l:aO(O)zﬂ =a,#0

Coeff.ofxo:al(l)zo = a, =0

Now we shall equate the coefficient of x” (r = 1) to zero.

te., ar+1(r+1)—2ar__1=0
2a
r-1
or a1 = Te 1 sr =2 1 ... (3)
(This is the recurrence relation which helps us to find Ay, 84, 84,...)

By puttingr = 1,2,3,4,5,...in (3) we obtain,

24, 21,

= — = ; = = = {,sincea, =0
ﬂz 2 ﬂ'o,a3 3 /] 1

_ % _513__0' =0
4 = =58 45 = % = O,sinceq, =

_z_ai_l la -f-q-a —%—Os'ncea = 0 and so-on
%6 T3 2% % %= =(sinceq = '

We substitute these values in the expanded form of (2) :

- 3 4
y = a0+a1x+a2x2+a3x ta, .
ie., y=a0+a2x2+a4x4+---,sincea1 =0-—-a3=a5:
4 6
. x x
e., y=a0[1+x2+7+?+---:l .. (4)

This is the required series solution of the given DE,

Remark : Comparison with the analytical solution

dy _
We have , e 2xy

oriirz = 2x dx, by separating the variables.
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= I%=I2xdx+c

ie., log‘,y=x2+c or y=¢ T =6

. 2
Denoting ¢ = k, y = k& is the analytical solution of (1).

The series solution obtained by us as in (4) can be written in the form

y=ao[ PR <x2)3+___]

L+ 70+ 7357 3

2
ie., y = a € [Refer series (1)] is same as the analytical solution obtained.

. . . . i 1
34. Obtain the series solution of the equation ;" +y =

>> Wehave, y”" + y =0 o)
(Note that the coefficientof y” =1 = Py(x)# 0 at x = 0).

(==

Let y=> a,x . (2)
r=20

be the series solution of (1).
o r-1 "o r—2
y' = Z arx”, y”= > ar(r-1)
0 0

Now (1) becomes,

> ar(r-1 Y2 "2+ > ax =0

0 0

We equate the coefficients of various powers of x to zero.

[Note that the first summation has terms with powers of x : x 2 x1,x" %Y, .. and the second

summation has terms with powers of x : P o

Coeff.of x™2: 4)(0)(-1)=0 = a;=0

Coeff.of X" 1:a,(1)(0) =0 = a,#0
12 )

Now we shall equate the coefficient of x (r= 0) to zero.
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ie., “r+z(’+2)("+1)+“r=0

2T Giay(rel)

(r20) ' ... (3)
(This is the recurrerence relation which helps us to find By, oy dy, . .. )

By puttingr = 0,1,2,3,4, ... in (3) we obtain,

__ 5 _LA
777 A R
—4, A - 4
a, = ——— = — ; e = —/—— = ——
4 12 24 5 20 120
a bl § a -a
4 0 ) _ 5 _ 1
a6-—30-720 ; a, = 22 = 5040 and so-on.
We substitute these values in the expanded form of (2) :
y=a0+a1x+a2x2+a3x3+a4x4+...
e =g 1_52_+x_4._‘£_6_+ +a x_ﬁ_{__xi__ﬂx_?___*_..
e Y =4 2 "247 70 1 6 120~ 5040
3

b

Th 3 S A4
us y =4 1‘5?*3‘5*‘“ A x-Tpte oyt

is the required series solution of the given d.e.

~J

Remark : Comparison with the analytical solution.

Wehave,(D2+1)y =0, where D = ;g;

Auzxilary equation ism*+1 = 0 andm = +iare its roots.
The analytical solution is given by
¥y = ¢ cosx+c,sinx
The series solution obtained by us can be represented as
Yy = aycosx+a sinx [Refer standard convergent series (5) and (6)]

This is same as the analytical solution.
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| d*
35. Obtain the power series solution of the cquation -
' dx

Y _ ., =
;¥ =0

>> This example is very much similar to the previous example. Proceeding on the
same lines we obtain, ay# 0, a,# 0 and the recurrence relation is as follows.

4,

Y2 = i) ey 20

By puttingr = 0,1,2,3,4,... weobtain,

e U
6 720’

a =

1
93 =%/ 57 1207

-0
a =7

oo

Substituting these values in the expanded formof y = Z a x" we obtain,
r=10

Xz x_4 x3 xs
y=ay 1+57+ q+ - |+a +—+~§~;+

This is the required series soution of the given d.e.

Remark : Comparison with the analyﬁml solution.

d

We have (D? ~1)y = O, where D = e

Auxilary equation is m?—1 = 0and hencem = + 1are its roots.

The analytical soution is givenby y = ¢, € +c, € *
The series solution obtained by us can be represented as

y = aycoshx +a, sinhx [Refer standard series (3) and (4)]

. e +e ” e —¢”

1€., y=ao —~—§——~ +a1 Pl
a.+a a,—a

or y={021}ex+{ Ozl]e'x

a +ﬂ1 ao—al

ie., y = cl¢a"[~i-e:2¢a"",wherec1 = 02 andc, = 5

This is same as the analytical solution obtained by us.
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. d* - . .
36. Solve - 5’+xy = 0 by obtaining the solution in the form of series.
dx

>> Wehave y”+xy =0 (D
The coefficient of y ” = 1 =Py(x)#0atx=0.

Let y=>"ax (2
r=0

be the series solution of (1).

y' =3 arrx'_l, y’ =3 arr(r—l)xr_2
Y 0

Now (1) becomes,

oo =]

S oar(r-1)x"%+ > arx'+1 =0
0 0

We equate the coefficients of various powers of x to zero.

We first equate the cofficients of x~ 2, x™ ! and x° available only in the first summation
to zero.

Coeff.ofx™ :  43(0)(-1)=0 = a,#0
Coeff.ofx ' : 2 (1)(0)=0 = a, #0
Coeff.of X’ :  2,(2)(1)=0 or 2,=0= a,=0

Now we shall equate the coefficient of x" (7 2 1) to zero.

ie., ar+2(r+2)(r+1)+ar_] ={
or a = By (r=1) (3)
TH2 T (r4+2)(r+1) -

By puttingr = 1,2,3,4,... in(3) we obtain,

e T SO S
37 6 a7 12 7 5T g0 T

I T S U
6 30 180 *© 77 42 504 © 78 ST T P14
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We substitute these values in the expanded form of (2) :

= 3 4 5 .
y= a0+a1x+a2_x2+a3x +a,x +asx +

x3 6 4 7
Thus,y = au lil—?+ix§6—--- ]+“1 [x—xﬁ+—:tso-z_.... ]

2
37. Obtain the series soution of the equation Z g +x° y =
n
>> Wehave y”+x*y =0 (1)
The coefficientof y” =1 = Py(x)#0 at x = 0.
Let y:Z ax ... (2
r=20

be the series solution of (1).

y' =3 arrx'—l, y’ =3 arr'(r—l)f_2
0 0

Now (1) becomes,

> arr(r—-l)x'_2 +3 ach'Jr2 =0
0 0

We equate the coefficients of various powers of x to zero.

We first equate the coefficients of x~ 2 x 1,20 x! available only in the first summation
to zero.

Coeff. of x™2 : 2,(0)(-1) = 0= ay#0
Coeff.ofx™} : a2, (1)(0)=0 = a0
Coeff.of X :  2,(2)(1)=0 or 2, =0>a,=0
Coeff.of x!  : a3(3)(2)=0 or 61, =0=>ay,=0

Now we shall equate the coefficient of X" (7 2 2) to zero.
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Ie., ar+2(r+2)(r+1)+ar_2=0

a _ _ar—2
T2 (r+2)(r+1)

or

(r22) ... (3)

Byputting r = 2, 3, 4, 5---in (3) we obtain,

a=—-—a0— a=1'a*——*az—0 a—————aB"—O
4 4-3° 5 5.4"76 4.5 7 T 7.6
a__a4= ao _a__aS_ ﬂl '

8 87 8.7-4.3"79 9.8 9.8.5.4"'
a10=0; ) = 0 and so-on.

We substitute these values in the expanded form of (2) :

— 4 - -
y_a0+a1x+a2x2+a3x3+a4x +
I‘ xs IS xg
Th = 1_— ——— e a x —_—— e ————.
us ¥y =aq 1.3 78-7.4.3 el s et 9 s s d

is the required series solution.

38. Solve v”+xy’+y = 0 in series.

>> y +xy’+y =0 ... (1)
The coefficientof y” = 1 = Py (x) # 0 at x = 0.

Let y=) ax - )
r=40
be the series solution of (1).

y' = Z a r P y” = Z a r(r-1) x 72
0 0

Now (1) becomes,
> a r(r-1) X2y > arx +% ax =0
o 0 0

We equate the coefficients of various powers of x to zero.

We first equate the coefficients of x 2 . X 1 available only in the first summation to

zZero.
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Coeff.of x° 2 : a, (0) (-1) =0 = a,*0

0

Coeff.ofx™! ©  a, (1) (0)=0 = a, #0

!

Now we shall equate the coefficient of x” (7 2 0) to zero.

ie., ar+2(r+2)(r+1)+arr+ar=0

ie., ar+2(r+2)(r+1)+(r+1)ar=0

ie., ar+2(r+2)+ar=(]

or a’+2=r+2 (r=240) -3

Byputtingr =0,1,2,3,4, - in (3) we obtain,

o 4 I 4
T e e e S R TN
gy T4 b 4
g =~ = 2_4.6-,' a, = =0 = 3.5.7 and so-on.
We substitute these values in the expanded form of (2):
y:a0+a1x+a2x2+a3x3+a4x4+v--
Iz X4 x6 1'3 xs x7
Thus y=a |1~ 543 1 24 “l[x_? 35 3.5.7 ]

39. Solve y" —xy'+y = 0 inseries.
>>  This example is very much similar to the previous one. Proceeding on the same

lines we do obtain a5 # 0,a, # 0. The coefficient of X" (7 20 ) when equated to zero

will result in,

a, .5 (r+2)(r+1l)—ar+a = 0
ie., ar+2(r+2)(r+1)=ar(r—1)
(r-1)a,
or (r=0)

fre2 T (re2)(r+1)

By putting r = 0, 1,2,3,4,... we gbtain,
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. a, - 0 . a, — 4, z 0 3a 4 - 3;10

= -7 ; = ; = T = e sy = ; = - - = LT T

2 2 3 4 4.3 2.3.4 5 5 6.5 2.3.4.5.6
a, = {0 and so-on.
We subslitute these values in the series,
y = a0+a1x+a2x2+a3x3+a4x4+- -
s

Th _ X _x_x . . on.

usy =41 2 ~24 " 240 + a4, x 1s the required series solution

40.  Develop the series solution of the equation ¥y’ xy’+ (242 Jy =10

>> YTt xy H(x2+2)y = 0 (1)
The coefficientof y” = 1 = Py(x)#0 at x = 0.
Let y= > ax . (2)
r=0
be the series solution of (1).
;/'zZ(rrr'x" L ‘If":Z arr(r—l)xrﬁ2
0 0

Now (1} becomes,
o e r—2 r i+ ro_
Z‘ d r(r=1)x + Z arx + Z , X +2Z ax =0
u ¢ 0 {
Weequate the coefficients of various powers of x to zero, We first cquate the coefficients

2 . . - . . .
of v 7, x I, ,1'”, i {aoailable in various suntmations except the third one} to zero.

Coeff. of x~ 2 1, (0) (-1) =0 = ay # (O

Coeff.ofx~ " : 4, (1)(0)y=0 = a, # 0
Coeff.of 2" - a4, (2) (1) +ay (0} +2, = 0

v 20 0 > a, =-a

., 2112 0 )

0
Coeff. of x' 3(3)(2)+a (1)+2a, = 0

= -a,/2

w., 61?3 o0, = 0 - iy |
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Now we shall equate the coefficient of X' (722} to zero.

ie., ar+2(r+2)(r+1)+arr+ar_2+2ar=0
. . _—[ar_2+(r+2)ar}
7 T2 (r42)(r+1)
-a a
or r-2 L— (r22)

b2 T G2y (r+1) (r+1)
By puttingr = 2,3,4,5,... in(3) we obtain,

B e A
4- 12 37 12 3 4
—a; A, a, a 3&1
a = — - = ——— 4 — = =
5 20 4 20 8 40
a = ﬁ—ﬂ = EQ__E = _EQ and soon
6 30 5 30 20 60 )

We substitute these values in the expanded form of (2) :

_ 2 3 4
Y =ayta x+a,x tax a e+

USY =& 17X T 760 = LR ST

is the required series solution.

d° d
41. Develop the series solution of the equation (1+ 1 ) d_g +x :if: —y =0
»
>> We have (1+x2)y”+xy’—y:0 AN

The coefficient of y” = 1422 = Py(x) and wehaveatx = 0, Pj(x)=1#0

Let y=3 ax .2
r=0

be the series soluiton of (1).

o oo

y'o= arrxr_l, y’ = arr(r—l)xr_2

0 0
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Now (1) becomes,

oMg

r--2 r r
ar(r-1)x"+ % ar(r-1)x +3 a,rx ——Zarx':O
0 0 0
We equate the coefficients of various powers of x to zero.

We first equate the coefficients of x~ %, x™ ! available only in the first summation to zero.

Coeff. of x™ 2 a4, (0)(=-1)=0 = a, # 0

Coeff.ofx™! : 2, (1)(0)=0 = a 20

1

Now we shall equate the coefficient of x" (v = 0) to zero.

ie., ar+2(r+2)(r+1)+arr(r—1)+arr—ar:0

ie., a, 5 (r+2)(r+1)+a (FF-r+r-1) =0

ie., a,,,(r+2)(r+1)+a (FF-1) =0

ie., a5 (r+2)(r+1)+a (r+1)(r-1) =10
(r——l)ar

or HH'?‘:_-W (r 20)

By puttingr = 0,1,2,3,... in (3) we obtain,

1~

=
[o28
>y
o=}

ﬂz:?
0

2,

0 Hoo g
4 4

,'123=0;f1=— =-ﬁ;a5=—=0;a6= =

It

; and so-on.

We substitute these values in the expanded form of (2) :

—_— 3 4 CEE
y = a0+a1x+a2x2+a3x +a, X+
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d’ 1

42. Solvein series the equation ( x — 1 )T;I’{ +x % +1y = 0subject to the conditions
ax”

y{0) =2 and y'(0)=-1

>> Wehave, (x—-1)y”"+xy’'+y =0 ()

The coefficientof y = (x -1} = P (x) and at x = 0, Py(x) - -1+ 0

Let y=3 ax A2
r=0

be the series solution of (1).

ca o

v’ = arrxr*l, y' =3 arr(r—l)xr_2
0 0

Now (1) becomes,

> arr(r—l)xr*]—z arr(r—l)xr”2+z arrx’+2 ax =0
0 0 0 0

We equate the coefficients of various powers of x to zero.
We first equate the coefficients of x~ 2 x o zero.

Coeff. of x~ 2 : —a,(0)(1) =0 = a, # 0
Coeff.of ™1+ 2, (0)(~1)-a,(1)(0) =0 = a # 0

Now we shall equate the coefficientof x (72 0) to zero.

i, “r+1(”+1)"*“r+2(r+2)(”+1)+”rr+“r‘_“0
w., a, (r+1)r ~ar+2(r+2)(1‘+1)+ar(r+1) =0
ie., ale—aHz(r+2)+ar:0
Fa +a
r+l ¥
or a4, 0= T {(rz20) (3

By putting r = 0,1,2,3,... in(3) we obtain,
o . +El ~ rzU/'2_+_ﬂ“1. T
BT o3 T 50 T 603

L
a =5
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. 2a, +a, _ ay/3 +2a,/3 +ao/2 _ 5a_0+a_1

4 4 a 4 T 24 6

o 3a,+a, B 5a0/8+a1/2+a0/6+a1/3 _ 19a0+a_ deo

5 = 5 = 5 = T30 t 5 andso-on.
We substitute these values in the expanded form of (2):

y = a0+a1x+a2x2+a3x3+a4x4+~--

ie = 1+?C—2+x—3+~5—£+~121—5-+- + +x—3+x—4+~xf+ (4
R A | 276 T 24 T120 U A T @)

This is the general solution of (1) in series.

To apply the given initial conditions, we differentiate (4) w.r.t. x.

3 3
y’:ao[x+—§+5%+---}+a1[1+x2+—2;—+---:' . (5)

Using the conditions,y = 2andy” = —1and x = 0, (4) and (5) respectively becomes,

It

2 = aoand—l a

1
tlence (4) becomes,
V= 2 "6 T 24 T 120
4 5

- x . . . .
Thus y = 2-x+22 + 2ttt is the required particular solution in series.

3.421 Generalized Power Series Method or Frobenius Method

Consider a second order DE in the form
a2 d
Po(x);g+Pl(x)Eg+P2(x)y=0 )

where P, (x), P, (x), P, (x)are polynomials in x with Py(x) =0 at x=0

The method is explained stepwise.

= We assume the series solution of (1) in the form
N k+r
y=> ax (2
r=0

where k, Ao Ay, Ay, . . are all constants and Gy # 0
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| dy < B}
2 Then d—i=y =Zoar(k+r)xj‘” 1
r=

fi.z_y =y” = i a (k+r)(k+r-1) o2
dxz r=0 '

S  Wesubstitute these along with y = > a, #* " in (1) which results in an infinite
r=0
series with various powers of x equal to zero.

S  We equate the coefficient of the lowest degree term in x to zero. This will give us
a quadratic equation in k known as the indicial equation. Let k; and k, be the

roots of this equation.
2 We need to equate the coefficients of various other powers of x also to zero. In

general when we equate the coefficient of ¥**7 to zero, we obtain a recurrence
relation which helps to determine the constants a,, 4,, 45, 4,, . . . in terms of 4, only.

2 We substitute the values of 2, a,. 45, ... in the expanded form of (2) given by
y = & (a0+a1x+a2x2+a3x3+-v )
2 Hence we obtainy = 4, *F ( x } where F ( x } is an infinite series.
O We suppose that k;, k, are real, distinct and do not differ by an integer, that is
kl—k2 #0,1,23,...
2 Then Y, = 4, & F (x) &y, = 4, & F ( x) are two independent solutions of (1).

9 Thusy = Ay, + By, constitutes the general / complete solution of (1) in series,
where A and B are arbitrary constants.

Remark : Tt should be noted that the roots kl, k2 of the indicial equation can also be (a) real,

distinct, differing by a non zero integer, that is k; ~k, = 1,2,3,... (b} coincident, that is

k, =k, = c (say)

The complete / general solution in the case (a) will be

y=Alyl o + B[%}%} (A, B are arbitrary constants)
! k = k
1

where k, < kyand k = k, will not result in a new independent solution.
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The complete / general solution in the case (b) will be
d
= A Bl &Y
y [ylk:C+ [ak}sz.

Note : Problems on these two cases are not presented as the focus of attention is mainly on
the power series method and Frobenius method.

WORKED PROBLEMS
- o ax Y, oy
43. Solve by Frobenius method the equation 4x _d 5 T2 Y= 0
» k
>> Wehavedxy”+2y'+y = 0 (D)

The coefficientof y “ = 4x = Py(x)and Py(x) =0 at x = 0.

Let y=3 a2 2)
r=0
be the series solution of (1).
y’=z ar(k+r)xk+’_l, y”:z ar(k+r)(k+r—1)xk+r_2
&) 0

Now (1) becomes,

oo

43 a (k+r)(k+r=1)2 "1 23 g (ker)f T4 Y 4 T2 0
0 0 0
We first equate the coefficient of the lowest degree term in x to zero.

On equating the coefficient of 2 =1 to zero we have,

4ayk (k—1)+2a5k = 0, whichistheindicial equation.
ie., 2a0k(2k—2+1):0 or a,k(2k-1)=20

Since. a, # 0 we have k=0 and k = 1/2

{ Note that these roots donot differ by an integer. |

+r

Next, we shall equate the coefficient of x (r20)to zero.

te., 4 q (k+r+1)(k+r)+?ﬂr+1(k+r+l)+ar=U

r+1

le., Zarﬂ(k+r+1)[2k+2r+l]+ar=0
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Y
_ > .
Of Ay T a1y (krzaly U0 - G)

Case-(1): Letk =0

—1a
Y

1T 2 (rr1)(2r41)

(rz0)

Puttingr = 0,1,2,3,... in this relation we obtain

% By B f
al :-...?; azz—ﬁzﬁ; a3:—§6=—ﬁi andso—on.
We substitute these values in the expanded form of (2) :

y = xk(a0+a1x+a2x2+a3x3

ie =a, X 1—£+ﬁ—£+---
v ¥ =R 27247 720

The series solution obtained by putting k = 0 be denoted by y, -

x ¥ ox }

yﬁ“o{“i*ﬂ—?z—o*“

+)

Case-(2) : Letk = 1/2 and hence (3) assumes the form
- a?’ - a?’

P17 2(r+3/2)(2r+2)  (2r+3) 2(r+1)

—4a
o _ r -
e, AT S G Ty (e (20

Putting r = 0,1, 2,3 in this relation we obtam.

LIO al ao i ﬂ2 a

M7 2T T T 1200 3T 742 T 75040

and so-on.

We again substitute these values in the expanded form of (2) :
Y = xk(a0+a1x+a2x2+a3x3+-~- )

X x2 x3

The series solution obtained by putting k = 1/2 be denoted by y, .
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X J

_ 2| X, X o
V2 = X {1 6" 120 " 5040 *
The complete solution of (1) is given by

y= Ayl + By2

3 2 3
. X Xz X X X X
2., y—AaG{l—-2+24—720+---:|+Ba0 \Jx{1~g+

120 5040 T

Let us denote € = Aao and ¢, = Ba

0
2 3 2 3 '
X X X X X X
Thusy = ﬁ[l—a*n-a*“' } oW [1—3.'*5‘:*93'*"' J

is the required series solution.

Note : The series solution obtained can be put in the follotwing form :

|

2 v ) ‘ ’ 3TN
y:cllil_(_‘/;_)Jr(\/;) Ox ), J+ Cz{\/;_(\/;) LOx) (Vx) A

21 41 T gl 31 51

.. (5)

ie., Yy = ¢; cos( )+ ¢, sin ( Vi) [ Refer standard series (5) and (6) given earlier ]

o . P d

34, Solve in series the equation 2250 Y -x 4 +(1-27 Yy =10
q y 2 dv .

dx -

We have, 2x2y”—xy’+(1—~x2)y =0

The coefficient of v = 2% = Po(x) and PU(x) =0 at x = 0.

Let  y=Y% arxk”
r=0

be the seris soution of (1).

o o

y' = Z ar(k+r)xk+r—]’ na= Z ar(k+r)(k+r—])x’“”"2

0 0
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Now (1) becomes,

2y ar(k+r)(k+r—1)xk+r—z ar(k+r)xk+r + Z arxk”
¢ 0 0

_ Z ar.x)(+r+2 — 0
0

We shall first equate the coefficient of the lowest degree term in x, that is 2 to zero.
e,  2agk(k-1)-ajk+a; =0 or ag(2K-2k-k+1)=0

je., 4, (2 -3k +1) = 0 oray(k=1)(2k-1) =0

Since a,#0, wehave k = 1 and k = 1/2.

(The roots donot differ by an integer.}

1

Next, we shall equate the coefficient of 71 to zero.

ie., 2al(k+1)k—azl(k+1)+a1 =0
e,  a(2kP+k) =0ora k(2k+1)=0=a =0k=0k=-172
Rejecting k = 0 and — 1/2 (since we already have k = 1and 1/2) we must have a, = 0.

k+r(

Now, we shall equate the coefficient of x r > 2)1o zero.

e, zar(k+r)(k+r—1)«ar(k+r)+ar—ar_2:0
ie., 2a (k+r)(k+r-1)-a (k+r=1)-a _, =0

ie., ar(k+r—l)[2k+2r—l]:ar_2

a
or af:(k+r—1)r(2§c+2r-—1) (r=22) s
Case-(1) : Letk =1
a
a, = :?é;:%fs (r=212)
Putting r = 2,3,4, ... in this relation we obtain,
a, a a, 2,
m=35 B35 0 TG 5.9 550
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a a

_ 4 _ 0 L
6 6.13 2.4.6-5-9-13

a and so-on.

We substitute these values in the expanded form of (2) :

= xk(a ta x+a,
Yy ot 4 2 3
. 2 o ©
le., y—HOAJ(|:1+E+2‘4'5.9+2.4'6.5.9.13+---

Putting k = 1, we have

x2 x4 xé
= 1+ + .
YooY Ty 57 4 5.9 2.4.65.9.13 @)

Case-(2): Letk = 1/2 and hence (3) assumes the form

a = fro2 _ 2 (r22)
ro(r=-12)2r r(2r-1) B
Putting r = 2,3, 4, ... we obtain
a
0
ﬂzzﬁ’ a3:0:a5:
) 4 4y 4

and so-on

Ty 7 2437 % 611 2463711

We substitute these values in the expanded form of (2) to obtain,

y=aoxk[1+x2 o 3 }

2373437 2463711

Putting k = 1/2 we have,

2 1 6

=g Vx| 1+ — + X +oe ... (5
Ya = B X 232437 2.4-6-3-7-11 )

The complete solution of (1) is given by
y = Ayl + By,

Let us denote Aao = ¢

1 and BaU =0,
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Thus the required series solution is given by

x2 x4 x6
= 1 e + +--
Y= aX 7 572.4.5.9°2.4.6-5-9-13

- X Jc4 x°
+ o, Nxl 1+

+ + +
2-3 2-4-3.7 2:4-6:3-7-11

45. Obtain the series solution of the equation dxy " +2(1-x)y '~y =0
>> 4y "+ (2-2x)y'-y =0 (D)
The coefficientof ¥ = 4x = Py(x) and P (x) =0 atx = 0.

Let y=3 ax"’ Q)
r=0

be the series solution of (1).

y' =Y e (k+r) Ly =Y a, (k+7) (k+r=1)x*""2
0 0

Now (1) becomes,

1Y a(k+ry(k+r-1)27 "2 Y a (k+r)ydt7!
0 0

2N a (k+n) T =3 a AT =0
0 0

k-

We shall equate the coefficient of the lowest degreee term in x, that is x Yo zero.

ie., 4a0k(k—1)+2a0k:0

ie., 22,k (2k-2+1) =0 or a(}k(%»l)zo

Since a; # 0 wehave k =0 and k=172

Next, we shall equate the coefficient of AR {r = 0)tozero.

ic., 4ar+1(k+r+1)(k+r)+2ur+l (k+r+1l)-2a (k+r)—a =10

fe., 2ar+](k+r+1)[2(k+r)+1]—ar[2(k+r)+1]=0
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ie., 2ar+1(k+r+l)—arz0
a?‘
or ar+1=m (rz0) . (3)
Case-(1): Letk =0
a?’
i1 T 2 (v e 1) (r=0)

Puttingr = 0,1,2,3,4,... we obtain,

P e R s e A T TN
1752/ = TR 73538 W=7 7= 33 andsoon
We substitute these values in the expanded form of (2) :
y=xk(a0+alx+a2x2+a3x3+---)
3 4
ie., y=a0f‘[l+;+§+z§+%i }
Putting k = 0, we have
3 4
x 2 P x
Y, =4 0{1+ +8+48+384 J . (4)
Case(2): Letk = 1/2 and hence (3) assumes the form
ar aT
= = >0
Y417 9(r13/2)  2r43 (72 0)
Puttingr = 0,1,2,3,... we obtain,
R T . SO S T, S TR
173275 71577 T 105 T 9 T 945 o

We substitute these values in the expanded form of (2) to obtain,

= a2 1+x+x—2+x—3+ x o
Y= 37157105945 "
Putting k = 1/2 we have,
23 4
x x° x X
Yy = dy N [1+3+] +1—075'+%+ :l . (5)

The complete solution of (1) is given by
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Let us denote Aao = and Bao =c,

Thus the required series solution is given by

e W

= 1+x+x2+x3*+x4+
¥=a 2-11 2221 22.31 2%.qd

2 3 4
X X X X
¥ "2*[;[1+3+3-5+3-5-7+3-5-7-9+“']
EXERCISES

Obtain the series solution of the equation % = ky and verify with the analytical

solution.
Solve in series the equation : (1 - ) y' '~y =20
Obtain the power series solution of the equation: (1 - %) vy =2xy’'+2y =0

Use Frobenius method to solve the equation 3xy” +2y"+y = 0

Obtain the power series solution of the equation
16 x* y +16xy’ +(16 ¥ -1) y = 0 by Frobenious method.

ANSWERS

B I by KBY¥ Ex S kx
¥ = a, 1+T!“+ o + 3 +oo |y = age

| At }
2




